The global stabilization of the Camassa-Holm equation with a distributed feedback control of the form -(λu -βu xx -λ [u]) is investigated. The existence and uniqueness of global strong solutions and global weak solutions to the closed loop control system are obtained. The exponential asymptotical stabilization of weak solutions to the problem is established. Namely, the weak solutions to the problem exponentially uniformly decay to a constant. The main novelty in this paper is that the effects of the coefficients λ and β on the global existence and exponential asymptotical stabilization of solutions are given.
Introduction
This paper is concerned with the distributed feedback control problem for the Camassa where u(t, x) is the height of water free surface above a flat bottom (or the fluid velocity in x direction) and k is a constant related to critical shallow water wave speed. The alternative derivation of (.) as a model for the unidirectional propagation of shallow water waves is found in [] . Equation (.) has attracted attention of many researchers due to several remarkable features. The first one is the presence of solutions in the form of peaked solitary waves for k = . The solitary waves are the peakons, known to be stable [] . The peakon u(t, x) = ce -|x-ct| with c =  is smooth except at its crest and the tallest among all waves of fixed energy. It is traveling waves of the largest amplitude, which is the Stokes waves of the greatest height (see the discussions in [] ). The stability here is in the sense of orbital stability. That is, the shape is stable under small perturbations. For k > , the solitary waves are smooth stable solitons [] . Another feature is that the equation has breaking waves [] . In other words, the solutions remain bounded while their slopes become unbounded in finite time. A further important property is that of integrability, in the sense of an infinite dimensional Hamiltonian system. That is, for a large class of initial data for which the solution is global in time. By means of an associated isospectrum problem, one can show that the flow is equivalent to a linear flow (see [, ] Integrating (.) with respect to the time variable from  to t and using integration by parts, we get
We still denote v by u for convenient and rewrite the problem (.) as
where
Motivated by the work in [, , , , ], we study the global stabilization of problem (.). Our main results are the existence and uniqueness of global strong solutions, global weak solutions and the exponential asymptotical stabilization of solutions to the problem. Due to the presence of feedback control term, the conserved law which plays an important role in studying the problem disappeared. This difficulty has been dealt with by establishing the energy inequality and using the estimates of solutions to the transport equation. For the low regularity of space in which we study the weak solutions and weakly compact priori estimates of the approximate solutions, we use the method in [] to improve the weak convergence to strong convergence. The uniqueness of global weak solutions is established with certain assumptions.
We write the space
The main results of this paper are stated as follows.
S). Then there exists a time T >  such that the problem (.) admits a unique solution u
∈ E s p,r (T). If s < s, r = ∞ or s = s, r < ∞, the map u  → u is continuous from a neighborhood of u  in B s p,r (S) into C([, T]; B s p,r (S)) ∩ C  ([, T]; B s - p,r (S)). Theorem . Let u  ∈ H s (S) (s >   )
and T >  be the maximal existence time of corresponding solution u to problem (.). Then the solution u blows up in finite time if and only if
We obtain the global existence of strong solutions to problem (.).
Then the corresponding strong solution u to problem (.) exists globally.
We present the global existence of weak solutions to problem (.). First of all, we give the definition of weak solutions.
Definition . The function u(t, x) is a weak solution to problem (.) if:
( 
where λ  = min{λ, β}.
We present the uniqueness of the global weak solutions to problem (.). . For a b, we mean that there exists a uniform constant C, which may be different on different lines such that a ≤ Cb. We assume a+ = a + ε, where ε >  is a sufficiently small number. Since the functions in all spaces are over S, for simplicity, we drop S in our notations if there is no ambiguity.
Preliminary
We recall some basic facts in the Besov space. One may check [] for more details.
We present two related lemmas for the Cauchy problem of the transport equation
where d : R × R n → R n stands for a given time dependent vector field, f  : R n → R m and
Then there exists a constant C depending only on n, p, p  , r, s such that the following estimate holds:
where 
The proof of Theorem 1.2
We investigate the blow-up mechanisms of strong solutions to problem (.). Applying Theorem . and a simple density argument, we only need to show that Theorem . holds with s ≥ . Here we assume s =  to prove the theorem. Multiplying the first equation in (.) by u and integrating by parts yield
On the other hand, multiplying (.) by u xx and integrating by parts again yield
Assume T < ∞ and there exists M  >  such that
We have
where λ  = min{λ, β}. Applying the Gronwall inequality to (.) yields
which contradicts the assumption that the maximal existence time T < ∞. 
Using the relation u = g * m and Young's inequality, we have
where λ  = β -(coth   )|β -λ|. Multiplying both sides of (.) by e λ  t gives rise to
Then we have
Integrating (.) with respect to time variable from  to t yields
Applying the Sobolev embedding theorem gives rise to u x L ∞ ≤ m L  ≤ C  (T). Using Theorem ., we complete the proof of Theorem ..
The proofs of Theorems 1.and 1.5 4.1 The proof of Theorem 1.4
We are in the position to prove the global existence of weak solutions to problem (.). Let u  (x) ∈ H  and u ε (x) = j ε (x) * u  (x), where j ε (x) is the mollifier. We construct the approximate solution sequence (u ε ) ε> = (u ε (t, x)) ε> as a solution to problem (.) with a viscous term ε(u xx -u xxxx ). Namely
We establish the following global well-posedness result for problem (.).
Lemma . Let u ε ∈ H s (s ≥ ). Then there exists a unique solution u
Proof of Lemma . Following the standard arguments for the nonlinear parabolic equation and using Theorem . in [], we deduce that the problem (.) admits a unique
. Multiplying (.) by u ε and using integration by parts
which completes the proof.
Using Lemma . and the Sobolev embedding theorem, we have 
Using (.) and Young's inequality yields
where L is a constant depending on u  H  . Using (.), we obtain
From the comparison principle of the parabolic equations, we deduce q ε (t,
Using the comparison principle of the ODEs yields f (t) ≤ F(t), for all t > . Thus we have
where C  is a constant depending on u  H  and the coefficients in problem (.).
where u ε = u ε (t, x) is the unique solution to problem (.).
Proof of Lemma
. Let χ(x) ∈ C ∞ c be a cut-off function such that χ(x) = , x ∈ [a  , b  ]. Similar to the proof of Lemma . in [], we consider the map θ (ξ ) = ξ ( + |ξ |) δ , ξ ∈ R,  < δ < . Then θ (ξ ) =  + ( + δ)|ξ |  + |ξ | δ- , θ (ξ ) = δ sign(ξ )  + |ξ | δ-  + ( + δ)|ξ | = δ( + δ) sign(ξ )  + |ξ | δ- + ( -δ)δ sign(ξ )  + |ξ | δ- , (  .  ) θ (ξ ) ≤ |ξ | + |ξ | +δ , θ (ξ ) ≤  + ( + δ)|ξ |, θ (ξ ) ≤ δ, ξθ(ξ ) -   ξ  θ (ξ ) =  -δ  ξ   + |ξ | δ + δ  ξ   + |ξ | δ- ≥  -δ  ξ   + |ξ | δ .
Multiplying (.) by χ(x)θ (q ε ) and integrating the resultant equation over
It follows from some calculations that
The estimates of other terms are the same as the estimates in [], we omit the details for simplicity. This completes the proof of Lemma ..
Lemma . There exists a positive constant C  depending only on u  H  and the coefficients in
Proof of Lemma . Applying the Sobolev embedding theorem and Young's inequality yields
which combined with (.) completes the proof.
Lemma . There exists a sequence {ε
where u ε = u ε (t, x) is the unique solution to (.).
Proof of Lemma . Using (.) and Lemmas ., ., we obtain
Applying the weakly compactness lemma yields the weak convergence result in (.). For each  ≤ s, t ≤ T, we have
 and using the Aubin compactness lemma, we deduce the strong convergence result in (.).
Proof of Lemma . We fix T > . Using (.), (.), and (.), we deduce that
Using the Aubin compactness lemma, we complete the proof.
We use over-bars to denote the weak limits.
Proof of Lemma . Using Lemmas . and ., we obtain (.) immediately. From (.), we get (.). Finally, (.) is a consequence of the definition of q ε , (.), and Lemma ..
We denote the sequences {u ε j } j∈N * , {q ε j } j∈N * , and {Q ε j } j∈N * by {u ε } ε> , {q ε } ε> , and {Q ε } ε> , respectively. Let η ∈ C  be convex and η be Lipschitz continuous on R. Using (.), we get
Lemma . Let η ∈ C  be convex and η be Lipschitz continuous on R. Then we have
Proof of Lemma . Using Lemmas . and ., the convexity of η, and taking the limits as ε →  in (.) give rise to (.).
Remark . From (.), we obtain
a.e. in [, ∞) × S, where ξ + = ξχ [,∞) (ξ ), ξ -= ξχ (-∞,) (ξ ) for ξ ∈ R. From (.) and Lemma ., we have
where C  is a constant depending only on u  H  and the coefficients in (.).
Lemma . In the sense of distributions on [, ∞) × S, we obtain
Proof of Lemma . Using Lemmas ., ., and . and taking the limits as ε →  in (.) yield (.).
The following lemma contains a generalized formulation of (.).
Lemma . Let η ∈ C  . We have
in the sense of distributions on [, ∞) × S.
The proof of Theorem 1.5
First, we present two lemmas which are used to prove the uniqueness of weak solutions to problem (.). 
Then we have Applying the Gronwall inequality to (.) yields w = . This completes the proof of Theorem ..
